The moving reference frame
Roots grow by maintaining steady and indefinite cell production and elongation at their tip ( Figure S1 A). It is advantageous to adopt a coordinate system that moves with the root tip and exploit the steady patterns of root growth at the root tip (1). This moving reference frame is a one dimensional coordinate system where the centre is placed at the root tip. In this coordinate system, a position along the root axis is noted and it measures the distance from the root tip. Root cells move at increasing velocity while fixed points in soil move at a constant velocity , and the velocity of fixed points relative to the root surface is − (Figure S1 B) . Bacteria attached on the surface of the root have the same velocity than root cells on this point. Any variables defining the rhizosphere and defined in this coordinate system is likely to exhibit a steady pattern (Figure S1 C).
Figure S1: The moving reference frame. A) Growing roots maintain steady patterns of cell production and elongation at their tip. Cell velocity with respect to the root tip (black arrows) usually follows a well-known sigmoidal profile (B). Cells close to the quiescent centre expand slowly and are progressively moved away from the tip as a result of expansion ( ≈ 0) of younger cells newly produced and closer to the root tip. Cell division is progressively reduced while cell elongation is increased, pushing most apical region of the root deeper in the soil ( ≈ ). Cells eventually rich their final size ( > ) and becomes fixed in soil, where they reach their maximal velocity ( ) in the moving reference frame. Other variables such as exudation rate can be defined in the same coordinate systems C). For example it has been shown that exudation rate is a function of the distance from the tip (2) and it can be modelled as a exponential function.
Model for bacterial attachment to and detachment from the root surface
The model for dynamic bacterial attachment / detachment is based on a Langmuir adsorption isotherm proposed by Shimshick and Hebert (3). The following section describes the original model and how it has been modified for the purpose of this study. In the original model of Shimshick and Herbert, bacteria attached to the surface of the roots ( ) are expressed as a number of bacteria per gram of root, and the free bacteria ( ) are expressed as a number of bacteria per ml of solution. The change with time of the quantity of attached bacteria is written as:
Where R (noted n in the original publication 8x10 9 g -1 ) is the number of binding sites per gram of root; K (2.10 -10 cm 3 ) is the equilibrium constant for the binding of bacteria on the surface of the root; B is the association rate constant (noted k in the original publication 0.055 h -1 ).
We need therefore to convert bacteria number and concentration into bacteria biomass. The average mass of bacteria is in the order of 1.5x10 -6 µg (4). Since it can be approximated that 80% of bacterial weight is water and 50% of the dry biomass is carbon, we use an approximate bacterial carbon biomass M = 6x10 -7 µgC per cell so that. We need also to convert root mass into length. We used for that a specific root length typical of cereal roots of 2.5x10 5 cm g -1 (5). The number of binding sites per cm of root is therefore 3.2x10 4 cm -1 .
Therefore, we have = / , = / , and = / where N is the number of rhizosphere bacteria binding sites along the root expressed as µg.cm -3 . The model of Shimshick and Herbert is therefore transformed into the following model:
Simplifying, we obtain
Where a is the attachment rate, K/M is noted A = 3 x10 -4 cm 3 µg -1 , B = 0.029 h -1 and N ( / ) = 55 µg cm -3 (9x10 7 cell.cm -3 ). Parameters from the models of Shimshick and Herbert were derived from experiments with bacteria in suspension in a liquid solution. It is likely therefore that association rate constant of bacterial attachment is reduced in soil since movement of bacteria is impeded by soil heterogeneities. In the following sections, we have used an association rate constant B = 0.01 h -1 .
Non-dimensional model
The following change of variable is first applied to equation 10: (S3)
Smooth Particle Hydrodynamics method
In this section, we provide details of the numerical algorithm used to obtain solutions of the model. In the integral form (equation 9), conservation are of the form:
Here, ( , ) is the flux of bacteria at position and time and is a small domain of length . In the smooth particle hydrodynamics methods, approximation ̃ of the solutions to equation S4 are obtained using a radial basis function approximation of the distribution of bacteria along the root (6) such that:
Where is the kernel function and is the centre of the kernel function that move at velocity
Since ( ) → ( ) for ℎ → 0, the integral in equation S5 can be approximated:
such that −1 ≤ < and < + ≤ +1 . Therefore
And combining equation S4 and S8, we obtain that:
Since this equation is valid for any dV, we can therefore derive the change of the coefficients of S4 using a system of ordinary differential equations:
where 1/ = 2/( +1 − −1 ) is the particle density.
Validation using ODE solvers
In order to test the accuracy of the SPH method, the system was analysed at steady state. Steady state solutions of Eq. 10 must be solution of the system of Ordinary Differential Equations (ODE) obtained when removing temporal derivatives. Eq. 10 is therefore rewritten as
This system can be rearranged into a system of 1 st order odes
Since chemotaxis is not predominant in the system, we assumed chemotaxis is linked to exudation from the root instead of the direct concentration in the rhizosphere. The system of ODE is therefore simplified to:
The system can then be solved using classical ODE solvers. We obtained high accuracy numerical solutions at steady state using the Runge-Kutta algorithm implemented in Matlab (ode45) and compared the results to the solutions obtained with the dynamic particle flow system when it has reached a steady state. Comparisons with the two methods showed good accuracy of the particle flow method ( Figure S2 ). 
Supporting videos
Video S1: http://archiroot.org.uk/index.php/9-tools/16-rhizobactvid Simulation of a root tip entering a patch of bacteria using Smooth Particle Hydrodynamic (SPH) approach. Attached bacteria on the root surface (red circle) move slowly away from the tip, and this results in an accumulation of bacteria at the root tip observed experimentally. Free bacteria (blue circle) in soil however move away from the tip at constant velocity. Free bacteria grow less because they can't remain at the root tip. Graphs below the rhizosphere model indicate bacterial density for attached bacteria (red) free moving bacteria (blue) and carbon concentration (green).
Video S2: http://archiroot.org.uk/index.php/9-tools/16-rhizobactvid Effect of microbial attachment bacteria density. The effect of attachment can be visualised by activating attachment once the steady state without attachment is observed. This produce a drastic increase in the density of attached bacteria with a very small decrease in the density of free moving bacteria. Overall, the total density of bacteria in the root tip is increased (see Fig 3) .
Video S3: http://archiroot.org.uk/index.php/9-tools/16-rhizobactvid Bacterial density in response to exposure to bacteria for a short period of time. In the absence of root cap (left) all bacteria disappear. When a root cap is acting as a reservoir (right) bacterial density maintains in low quantity at the root tip.
Video S4: http://archiroot.org.uk/index.php/9-tools/16-rhizobactvid Simulation of a root tip entering a patch of bacteria with high chemotactic coefficient ( ). At first contact with the root, bacterial velocity is lower than root tip velocity and bacteria are displaced away from the tip. However, after about 60 to 80 h spent in contact with the root tip, the bacterial population attain a critical size and progress towards the root tip. A sharp bacterial front is formed and its profile is similar to a supersonic booms. At steady state, the front is placed in the elongation zone and corresponds to the peak of carbon density. Graphs below the rhizosphere model indicate the equivalent bacterial density for free moving bacteria (blue) and carbon concentration (green).
